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Abstract

Let k be an algebraically closed field of characteristic zero, 6 a homogeneous derivation of k [X,

Y]. We give a criterion for the existence of a non-constant polynomial F such that & (F) = 0.
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Let k be an algebraically closed field of characteristic zero, R=k[X, Y] a polynomial ring in two
variables. Letd = fO/9X+gdY+0 be a k-derivation of R ( f, gER). We write R’ for the kernel
of &. Itis known that R? is a subring of R and that R? =k [F] for some FER (cf. [2] Thoerem
2.8). In this note we treat the case where ¢ is homogeneous, that is, f and g are both homogeneous
polynomials and deg (f) =deg (g). We remark that any homogeneous irreducible polynomial in R
isalinear formin X and Y as k is algebraically closed.

To consider R’, we may assume that f and g are relatively prime. First we assume that Xg—Yf =0.
Then we have f = X and g=Y. Hence R’ =k%.

From now on, we assume that Xg— Yf #0.

LEMMA 1  Let a and b be homogeneous polynomials in R. Assume that a is sqare-free and that deg
(@) = deg (b) +1. Leta=II_, ( a X+ [)",Y) be a factorization into irreducibles where d=deg (a). We
seta=1 ( a, X+ [;’jY) fori = 1, .., d. Then we have

i

b=:2|b(/?‘.— ) e (B—a)a,

Proof. Putc=b—3‘_ b(fB—a,)a (B,—a,) ' a. Then cis a homogeneous polynomial of

degree d—1. Since c (B3, — a,) =0fori=1, ..., d, we have c=0.

Let Xg—Yf =1;_, (a X+ BY,) be a factorization into irreducibles. We setA =1 _ (a,
B,—a, p)fori=1,.,r

THEOREM 2 Let the notaion and the assumption be as above. Then there exists a non-constant
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polynomial F €R shch that & (F) =0 if and only if the following two conditions are satisfied :

(i) Xg—Yfis square-free ,

(ii) there exist integersm,, ....m >1 and a constant y € k such that
f(p—a)=—ympBA andg (B — e ) =yma A, fori=1,..r.

Proof. Assume that the conditions (i) and (ii) are satisfied. Weput F=T11"_ (a« X+ 3,Y) "

Then, by LEMMA 1, we have

=308, —a) A7 (a X+ 2, Y)

=—yEm AU (aX+AY),
and hence

OF | 9Y=— 7“'1;11 (a X+ 3Y) ",
Similarly we have

aF/ax=y-'§l( aX+BY)m g

Thus we have & ( F) =0.

Conversely, assume that there exists a polynomial F € R\\k such thaté (F) =0. Since ¢ is
homogenous we may assume that F is a homogeneous polynomial. Then there exists a homogeneous
polynomial #€R such rhat OF /9X= —fh and OF / 9Y=gh as f and g are relatively prime. Since
deg (F) F=XOF/0X+YOF /Y= (Xg—Yf) h, h is a greatest common divisor of F, 9F / X and
OF /9Y. Let F=1I‘_ p**' be a factorization to distinct irreducibles (a, >0). ThenII*_ p“‘is a
greatest common divisor of F, OF /90X and OF /9Y (cf. e.g. [1] Chapter 4, § 2, proposition 12).
Hence we have h= cII*_ p?‘for some ¢ € k and (Xg—Yf) =deg (F) ¢ '1Is_, pg. Thus Xg—Yf is

square-free. Moreover we may assume that F= II, ( a X+ /5, Y,) 4*1 Thus we have

=1
8F/8Y:él (@+1) ﬂig,(“,XJr AY) I (a X+ 2Y),
and hence
g:r:Z] (@+1) o1 (@ X+ gY) wherey =c';

Similarly we have
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fz_yg (a+1) gl (aXx+2Y),
which shows the condition (ii).
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