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Abstract
This note gives an interesting example for smooth weak Fano 3-fold V with quadric
bundle structure which has only one flopping curve. The weak Fano 3-fold V has the flop
V" with del Pezzo fibration of degree 4. This is a counterexample of Vologodsky's result'
[5] that says two del Pezzo fibrations differing only by a flop are of the same degree. The
example has been constructed in [4].

1. Introduction

A smooth projective 3-fold V 1s a weak Fano 3-fold if its anti-canonical divisor
— K is nef and big (cf. [3]). Here a divisor DCV is nef if (D,C) >0 for any effective
curve CCV , and a nef divisor D is big if (D) >0. For a vector bundle € of rank 7 over
the projective line P', we can construct the projective bundle P(€) — P'. Since any
vector bundle over P' can be decomposed into a direct sum of line bundles, for sake of
simplicity, F(a,, a,, ..., a,) denotes P(E) for E= EB::OOQZQ over P'. For example,
F(0, @) is the Hirzebruch surface with negative section s, s°= —a, and F(0*) is the
direct product P*XP',

We here construct a smooth weak Fano 3-fold V with quadric bundle structure

which has a flop V' with del Pezzo fibration of degree 4:
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! Vologodsky calculated the Euler number of the rational surface containing flopped curve in

[5]. Although it is possible for the surface to have singularities along the flopped curve, he
treated the surface as a smooth one. This is the reason why he overlooked our case.
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2. Construction of the 3-fold V

Consider the vector bundle E=@ “*®@(1)"* of rank 4 over the projective line P!, and
the P bundle 7: X=P(&) =F (0% 1°)—P'. Let H and F be the tautological divisor and
a fiber of 7:X—P', respectively.

Let VCX be a smooth 3-fold linearly equivalent to 2H +F as a divisor on X. The 3-
fold V i1s a quadric surface bundle with Picard number 2, because V~2H+F is an
ample divisor of the P bundle X=F (0% 1% over P'. Therefore, Pic V is generated by
the restrictions Hy and Fy of H and F to V, i.e., Pic V=Z[H,] ®ZLF,], and hence
N'(V)=R[H,]®R[F,] =N'(X)=R[H] DRI[F]. By the duality, N,(V)=N,(X) =
R[/J®RI[s], where ! and s are the dual basis with respect to H and F and they are a line
in a fiber F=P® and the minimal section of 7 : X—P', respectively. Any effective curve
C in V is considered as in X, and numerically equivalent to al+bs for some non-
negative integers a, bEZ-,,.

The adjunction formula gives —K,=(—K,— V) |,=2H,—F,. For an effective curve
C=al+bs in V , the intersection number (C:—K;) <0 implies (0<)2a<b. The curve
C is mapped onto P' by the projection 7: X—P"'. Let v: D—>CCX be the normalization
of C,and u=mv:D — P'. We have degu=5b>0 and v+0,(1) =0,(a). From 7*€—
Ox(1)—0 and u*0(1) =0, (b), it follows that

T*€=0,"®0,(b)*—>0,(a)—0.

Since a < b, this sequence factors @,,*—~>0,(a), hence the morphism v: D—X factors D
—P(@ ") =F(0°)CX, i.e., the curve C is on the ruled surface F(0%). It follows from V'
~2H+F that the intersection curve VNF(0%) is numerically equivalent to [+ 2s, which
is no other than the curve C. Thus V has only one curve C=[+2s with (—K,-C)=0,
which is a flopping curve (cf. [1], [2]). Moreover —K, is nef and big because

(—K,)’=QH,—F,)’=CQH—-F)’QH+F)=16(H"'—H’F) =16 >0.
Consequently, the smooth 3-fold V~2H+F in X=F(0% 1% is a smooth weak Fano

3-fold with Picard number 2, which has only one flopping curve C=1[+2s as a bisection

of the quadric bundle structure 7: V—P".
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3. Construction of the flop V*

In [4], we has already constructed the flop V' of this quadric bundle Fano 3-fold
V. We here reconstruct more concretely by using bihomogeneous coordinates system
of P’-bundle X=F(0° 1%).

The bihomogeneous coordinates ring of X is Ry=Cl[x,, T, Y5 Us Sy ;] with bidegree
deg ;= (1, 0), deg y;= (1, —1) and deg s;= (0, 1). The projective space bundle X has a
standard affine chart X=U,_,,3.;-0,U;. After making linear transformations if it is

necessary, the 3-fold V is defined by the bthomogeneous polynomial

Sz, 21, Y, Yy So S1)
=z, 50+ (@ + 2,5+ 2, (L) 5,2+ L () sos,+ (s, )
JVC]o<y)303+‘]1(1/)302517L‘]z(y)$(>312+q‘%(y)&g
=/0(x, Ty, Yo Y3 S0) ST /1 (To, T4, Yo, Yo S, S

of degf=(2,1) for the linear forms [;(y)=1I,y,+1;y; and the quadric forms
0:(4) =30 ¥s"+ 41 Y25+ 4y, Where

fimxox, 2,1, () so+q,(y) s, and
f1:x02+x12+x1<11<y)30+12(9)31> + (‘h(9)302+Q2(y)3031+93(y)312>

Let R, be the quotient ring Ry/(f).

Consider the homogeneous coordinates ring
R,=C|p, ay a,, by, by, ¢y, ¢, €5 dyy dy, dy |

of P, The ring homomorphisms (pf : RZ%RV[%J (=0, 1) defined by

2
Co ™Yz S
b '_)]i(xoy X1 Yoy Yss Sos 31)/30
Gy Toy Ci ™ Y2YsS
0 0Ys
3 ¢y s’ S
Po: a, "™ XyYs )
dy— Yy s,
by 1,9, i
d; = YyU3S;
by = x4, 9
dy = Y3 s,
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2
Co™ Yy S
D= f,(x, T, Yoy Ysy S0)/5 ! ’
C1"™ YsY3Sy
3 €™ Y5 S
(2 a, "™ XyYs 9
dy=— Yy S
by 1Y,
d; = Yy UsS;
by 1y, 9
dy = Y3 s,

can be glued because

. 1 1
fl(xo, Ty Yo Yss So 31>/So:ﬁ)(x0r Ly Yo Yss So>/31 m RV[ST, STJ

Let ¢ : V — Z be the morphism determined by the ring homomorphisms (of.

The kernels of gog and <pf coincide, and equal to the homogeneous ideal

= (dop+f0<°>, d1p+fom’ d2p+f0(2), Cop*flm, clpifl(l)’ CzP*flm,
[ab], [aco], [acl], [ado], [adl],
(e, ], [be,], [bd, ), [bd,], [coc], [codo], [cod ], [e1do], [e1d ], [dyay)).

Here the polynomaials fom and fl(i) are

1Y =a,b,+ bo(looc0+ Ly, cl) + <q00c02+q01 c0c1+q02c12>,
YV =a,b,+ bl(looco-i- Lo cl> + (c]oococ1 +qy ¢+ qge, cz),
fO(Z) =a,b,+ l)1<looc1 + 1 02) + <q00012+q01 c cz+q02022>,
10=al+ 024 bo((Lgcot Ly ey) + (Lyndy+ 1y dy))
+ <q10002+q11 cocl+qlzclz) + <q2000d0+q21 Codi 1 gycy dl)
+ (g0 dy*+ g dod, + q5pd "),
AP =aya,+ 06,4+ 0,((Lyey+ 1y ¢)) + (Lydo+ 1y d)))
+ (q10c001+q11012+q120102) + (qzocodl-l-q2101d1+q2201d2>
+(gydod, +ayd,d,+qyd,dy),
£9=a+024b,((Lye,+ 1y ¢,)+ (Iyd, + 1y d,))
+ <q10c12+q11c1 c2+q12c22> + (qzoc1 d,+qy ¢, d2+q22c2d2>
+(gyd*+ g5 d, dy+ g,d,Y),
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and the symbol [ ] is an abbreviation of [ab]l=a,b,—a, b, [aco] =a,c,—a,c, [acJ =
a,c,—a;c, and so on. The 1deal I determines the subvariety WCZ. Denote by R, the
quotient ring R,/I.

We will calculate the image (p( ) for each affine open set V;=VNUj; tG=0,1,2,3;
7=0, 1) of V. The image of

T Y Si Lo X Ys ¢ Si
V =Spec C|:y So” YaSo Yy’ So:|/<f<yzso’ YoSo” 7 Y SO))

coincides with

w2z,

fWﬁSpecC[fff————'—ﬂﬁJ

Co’ €y’ €y’ Gy’ €yl €y’ Gyt €y’ €y Gy

_ A by 6 4y A by o Gy (G by g0y
*SDGCC[C vy’ ¢y’ co:|/<0<co’co’ ’c’1 Jrcofl ¢’ ¢’ ’co’lc0

o b oo A (pf e b 4,
7SpeCC|:C’C’CO’CO:|/<f(Cn’CO’ ’CO ].a Cﬂ>>

and the restriction map <p|V20 D Vg W, = WNZ,, 1s an isomorphism. Similarly, three
restriction maps ¢y, : V=W, ¢y« V=W, and @ly, : Vu—W,, are isomorphisms.
The image WO:(p(VOOU Vm) of the union of

o Iy YsSo YsSo Si Iy YsSo YsS S
Voo =5pec C|:l"o’ Ty ' X’ 30:|/<f<1’ Ty’ Xy’ X L, 30>> and

_ Ty YsSi YsSi So Ty YsSi YsSi So
Vo =Spec C|:Io’ Ty’ Xy’ SlJ/<f<l’ Ty’ Zy ' Zy 31’1>)
coincides with the union W, UW, UP, where

W,,= WﬂSpecC[ A% O 6 4 G G 4 D J

)

b ﬂ&) p 4o

=S ecC[Lﬁﬂ&ﬂJ fo(l’“”ao’a +ao a
P f a, ¢ dy D S
1 ’a”a’ao’c0 a, a,

ay’ Ay’ ay’ a,’ a
W, = W Spec C[ ffffffffff }

a’al’al’al’al’al’al’al’ a,’ a,

boa e, p 4
a, b, ¢ af:|/fo(’cl’cz’l’czl)Jral a,

f boa g6 dy\ p oo
N7 aar ™ a ¢ a; a,
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and P={[1:0:--: 0]} €eWCZ=P". Indeed, one of —-and - (resp —% and > is not
0 on W, (resp > and hence the part (y2i0> (resp (y3%ﬁ0>> n %O UV, 1s
1somorphic to I/I{lo(resp.Wal) by ¢ and the image of (yz—y3—O>C Voo UV, 1s PEW.
Therefore ¢ : VU V=W, UW, UP is an isomorphism outside P. Similarly, ¢ : V},U
Vi—=W,,U W, UP is an isomorphism outside P. The inverse image ¢ '(P)CVof PEW
is a curve C= (y2:y3:0) CVon F(0*) =P'XP', which is the unique flopping curve on
V.

Now let p : Y=F(0, 1%, 2)—P' be the P*-bundle over P' having bihomogeneous
coordinates ring RY:C[uO, V), Uy, W, Wy, L, tJ with bidegree deg u,= (1, 0), deg v,=
(1, =1, deg w;= (1, —2) and deg ¢,= (0, 1). Consider two bihomogeneous polynomials

g0=w4u0+fo(vl, Uy, T, Ty, w3>
=wu,+ (Ulvfr v,y (D wy+qy (1) w32>,

glzwsuo_fl<vl’ Uy, o, Ty, W, w4>

:w3u0*<1112+11§+ Uz(ll<l) ws+1,(1) w4> +q,(Dwi+ g, wsw,+g,(2) wi)

of bidegree deg g,=deg g,= (2, —2), and the subvariety V' CY=F(0, 1', 2*) defined
by the ideal I = (go, g1> in Ry. The variety V' is an S,-bundle, del Pezzo fibration of
degree 4, over P'. The ring homomorphism #: R,—~R, defined by

2 2
Co' > Wyl dy— wyt,
ay— Uil by — 0,1,
ED = u, 4= vt b vt €, Wiyt d,— wytyt,
1 1l 1 2l st ? Ao 12
Cy > W3l 2 7 Wyl

corresponds to the morphism 1: Y—=Z. This morphism is defined by the linear system
’Hy‘ on Y, where Hy are the tautological line bundle of the P*-bundle p: ¥ — P'. Hence
the morphism 1 is an isomorphism outside of the minimal section s=F(0) C Y—P'
associated to the surjection PO (1) **®@(2)“*~. The image 1 (s) is the point P
={[1:0:-:0]}EZ=P". The image 1 (V') CZ is determined by the ideal

1!)#71]+=<d01>+f0(0), d1p+ﬁ)<1>,d2p+ﬁ)ﬁ2)’ Cop_fl(())’ C1P_f1m’ Czp_ﬂ(z),
Lab], [ac,). [ac,], [ady], [ad,].
Ebco} [bcl]’ [bdt)]» [bdl], [Cocl]» [Codo}, [Codll [Cld()]r [Cldlj’ [dodl])-
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This is nothing else but the ideal /C R, defining the variety W=¢ (V) CZ. The
restricted morphism ¥: V"—W is an isomorphism outside 1: s—P.

Thus we obtain the following diagram:

F(0% 1)=XoVoC «— aflor | copicy—p 12 29

v

N
P' Z=P" P'

and V ---—=V" is the flop corresponding CCV to sC V". Here the flopping curve CCV
is a bisection of the quadric surface bundle 7 : V—P', and the flopped curve sC V" is
a section of the del Pezzo fibration o: V™—P' of degree 4. The map ¢ is not defined
globally on X, but is defined on V itself.
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