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Endomor phisms of Boolean Algebra
Norio YAMAUCHI

Abstract

We study endomorphisms ¢ =x;+ - +x, and 0=, + - + 0, of aboolean algebra A.
We express A as the direct sum of the eigen spacesof 0 or 90.
Asacorollary, we give an elementary and direct proof of strong L efscetz property of A.
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Let K be an algebraically closed field of characteristic 0 and let
A=KI[X,,.., X1/ (X{,., X))

be aboolean algebrain » variablesover K. Weput x;=X; mod(X?,..., X}).
We define K-endomorphisms ¢ and 0 of A asfollows:

¢(a)=(x++x,)afora< A, and
0 (X" Xu) = gxa,"v?,,;"xm for amonomial Xa X, of A.

We remark that 8 isinduced by aderivation >.6/8.. of K[X,,..., X.], but is not aderivation of A.
Let A;isthe set of homogenous elememnts of degree ¢ of A. Then

A :A()@Al@"’@/ln

as a K-vector space. We put ¢;= €4, and 9,= 0|4, for 0 < i< n. Further weput A, =A,..= (0), and
define [-,= 0and d,.,= 0 (zero maps).
LEMMA 1 .For 0 < 7 < #, we have

Oie1 0i— 0:210;= <7’l_ 2 Z) 1.

Proof. For amonomial m.=[1; x%in A;, weput ¢ ={a,..., «} (asubset of z={1,..., }). Wehave

(91 €= €:10) (m) =0, ( X x3m,) a(z o)
= 2 (ma+ éxﬁﬂ) _i (m<y+ Zx{f%
BER\a i=1 aj i=1 BEn\a XG/
=m—10)me— im.= (n— 20) M. ]

Let M; be the set of monomialsof A of degree i (0 < ¢ < n). Then M;isaK-basisof A..
We denote by M; (resp. N,) the matrix of ¢; (resp. 8:) withrespectto M; (0 < i < n).
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LEMMA 2. (1) Ni='"M;.,for 1 < i <n.
(2) Mi=N,_ for 0 <i<n-1.
(3) Mi='"M,-i.ifor0 < i< m—1.
(4) Ni='N, infor 1 <i<
Proof. For the monomials #.= Xu "X« € M;and ms= x4° " Xs., E M,
mq occursin 8:(ms) © msoceursin £, (m.)

& XX gooyrsin 9, (FE—Xa)
mg L

Hencewehave (1) and (2).
(3)and (4) followsfrom (1) and (2). ]
COROLLARY 3. Theendmorphisms d;-; £;and ¢;-, d; are diagonalizable.
Proof. By LEMMA 2, the matrix of 8.1 :(resp. £:-,0;) with respect to a basis M, is MM, (resp. ‘M-,
M;-,). Since these matrices are symmetric and their components are integres, 9;., ¢; and ¢:-,9; are di-
agonalizable. U]

Let E: be the set of eigenvalues of 8:., ¢; and let E; be the set of eigenvaluesof £,-, 9;for0 < ¢ < n.
PROPSITION4 . For 0 <i <[(n—1)/2]7, wehave
(1) B={h—2i+))(+1)[0<j<ik
(1) E'=E_,U{0}.
(2) E=E,- andE/=E,-..
Proof. Sincedim A.-, < dim A;, (1)' follows from the following well known result:
SUBLEMMA 5 . Let M bean (r, s) matrix, N an (s, r) matrixin K. Then

®(MN, t) =t~ d(NM, t),

where @ (, ¢) denotes the charactristic polynomial of a matrix.
Weprove (1) by induction on i.
Thecase i = 0 followsimmediately from LEMMA 1.
Assumei > 0. Wehave Ei={1+n—-2ilA € EYbyLEMMA 1l ,and E/'={(n— 2 (i— 1) +7) (5
+1)]0<7<i—13U{0}by (1) Hencewe get the assertion by the induction hypothesis. O
(2) isclear by LEMMA 2.
COROLLARY 6. (1) 0i: €;ishijectivefor 0 < i <[(n—1)/2].
(2) 0. 0 ishijectivefor [2/2]1+ 1< i< m.
Proof.(1) By (1) of PROPOSITION 4 , each eigenvalue of 0.., £, isa positive integer for 0 < 7 <[(n—
1)/ 21, hence the assertion follows.
Similaraly (2 ) followsfrom (2 ) of PROPOSITION 4 . ]
COROLLARY 7. (1) ¢;isinjectivefor 0 < i <[(n— 1)/2] and surjectivefor [n/2 1< 1 < m.
(2) o issurjectivefor 0 < i <[(n—1)/2]andinjectivefor [n/2]1< i < m.
Proof. Clear by COROLLARY 6. ]
We put

A,(/?.) ={a S A{‘aiﬂ Qi(d) =/1a}, and
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AN ={la€ Al 0,(a) =2a}(0 < i< n)

forA € K
LEMMA 8. For 0 < i< n,
(1) AW =A/(A-n+2i).
(2) Ai(0)=Ker 0.
(3) A/(0) =Kerd.
Proof. (1) Immediate from LEMMA 1 .
(2) For0<i<[n/2],A4;(0)=Ker ¢;=(0) by COROLLARY 6 and 7. For
i >[n/ 21, diisinjectiveand henceKer ¢;=Kerd.., ¢,=A,(0).
The proof of (3) issimilarto (2 ) and we omit it. ]
PROPOSITIONY .For 0 < i < mand A € E:\ {0}, wehave
A (DA (A>3 Ai(Q+n—2 i+ 1)).
Proof. By LEMMA 8 , it sufficesto show €., (A1): A;(1) 3A'.1(1). Assume a € A:(A). Then €0,
0.(a)=0.(Aa))=AL:(a)), hence ¢.;(a) EA" .. ().
SinceA# 0, ¢]A«» isinjective. Moreover if b isan dement of A'..; (A\), we have b= 0,0, (17"
b). Hence €ilam: Ai(A) = A'i(N) issurjective. (]

Now we can prove the main result.
THEOREM10. (1) Ai= 0,(A, )P Kerd, for 0 < i<[(n+1)/2]7.
(2) Ai= @0 Aifor[n/2]1+1< i< m
Proof. (1) By LEMMA 8 and PROPOSITION 9,
Ai=Dier Ai(R)
= (D= 2ivace Ai(1))DA(0)
= (Dicr 0i-1(Aini (D)) DKer 6,
=01 (A-) PKer 8.
for0 <i<[(n+1)/2].
(2) Ifln/21+ 1< i< n,then
A= 0:(A)
= 0(Dice A (W)
= 0:{(Dorszep. Aii(N))
= Direr. Aii(N)

COROLLARY11. For 0 < i< [n/2]
(1) TheK-endomorphism ¢n;-1++ €:: A; — A, isan isomorphism.
(2) TheK-endomorphism 8.1+ .- : A.—i — A isan isomorphisim.
REMARK12. (1) of COROLLARY11 means that A has the strong Lefshetz property. Although this is al-

ready known (seee.g.[ 1]), here we gave an elementary proof.
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